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Abstract

Let G be a finite group with a non-abelian minimal normal sub-
group N which is a direct product of copies of the simple group X .
A parametrisation is given for the conjugacy classes of maximal sub-
groups of G which complement N in terms of certain homomorphisms
taking values in AutX .

1 Introduction

In [9], the author established that certain iterated wreath products of non-
abelian finite simple groups can be generated by two randomly chosen el-
ements with high probability. To do so, it was necessary to understand
the number and the indices of maximal subgroups which supplemented the
base group of each wreath product. The most difficult of these to control
were those maximal subgroups which complement the base group. Indeed
Bhattacharjee [3] relies on a very delicate argument to handle such maxi-
mal complements in an earlier paper. For the work in [9], the author made
use of joint work [7] with Parker where the maximal subgroups of a wreath
product which complement its base group were completely classified.

It is the author’s hope that probabilistic results such as those in [9] can
be produced for far wider classes of groups than merely iterated wreath
products. We note that Jaikin-Zapirain and Pyber [5] have recently made
important progress on the probabilistic generation of profinite groups. To
continue with the methods of [3, 8, 9], however, we shall need results that
control the behaviour of maximal subgroups in (finite) groups which are
as general as possible. Consequently in this paper we demonstrate how the
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work in [7] may be generalised so as to produce our main results, Theorem 3.4
and its corollary. These are more technical due to the more general situation
being considered and require the development of some notation before they
can be stated. Nevertheless we are able to extend the methods of [7] so as to
obtain a parametrisation which both retains the flavour of the result in [7]
and also seems suitable for application in a probabilistic generation setting.

Of course the study of maximal subgroups of finite groups has a rich his-
tory and two significant milestones are the work of Aschbacher and Scott [1]
and that of Kovács [6]. Although there obviously are links between our work
and these earlier papers and also the related paper of Baddeley [2], the au-
thor has been unable to find within their far more technical and far-reaching
studies the specific parametrisation he requires for the application he has in
mind. Consequently it seems both necessary and appropriate to revisit this
frequently explored territory.

Around the time that the first draft of this work was completed, Cannon
and Holt [4] was published. They return to Kovács’s work and describe a
practical algorithm for computing representatives for the conjugacy classes
of maximal subgroups in a finite group. Our principal construction (see
Definition 2.3 below) also appears in [4, Section 2.2] but is used to construct
the ‘diagonal-type’ subgroups rather than complements. Instead the sub-
groups we are considering are addressed in [4, Section 3.6]. The methods
there appear to be different to ours and, although Condition (b) from our
Theorem 3.4 is present, an alternative condition appears instead of our Con-
dition (a). Cannon and Holt’s condition appears to be a recursive condition
to be checked throughout an algorithmic process. Instead our Condition (a)
depends on the Classification of Finite Simple Groups (see Lemma 3.2) and
is sufficient to guarantee the complement we construct is maximal.

2 Complements and induced homomorphisms

We shall need to consider a number of wreath products, all of which have
the same symmetric group as the top group. We set up a few abbreviations
to simplify our notation. Fix the set Ω and let L be any group. We write LΩ

for the direct product of copies of L indexed by Ω:

LΩ =
∏

α∈Ω

Lα.

The symmetric group Sym(Ω) acts on LΩ by permuting the factors: Lπα =
Lαπ for all α ∈ Ω and π ∈ Sym(Ω). The wreath product LwrΩ Sym(Ω) is
then the semidirect product of LΩ by Sym(Ω) via this action. We call LΩ

the base group and use W (L) to denote this wreath product. We also follow
the convention from [7] of writing (xα) for the element (xα)α∈Ω of LΩ. We
always index the entries of such elements by the variable α which ranges
over Ω. Given w = (xα)π in W (L), we refer to xα as the α-component of w.
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Let N be a normal subgroup of the finite group G and let Q = G/N . We
may define a map χ : Q → OutN by Ng 7→ (InnN)σg, where σg denotes
the automorphism of N induced by conjugation by the element g from G.
This map χ is a homomorphism and is known as a coupling. If x ∈ Q, then
as xχ is a coset of InnN , it makes sense to define

E = { (x, σ) ∈ Q× AutN | σ ∈ xχ }.

There is a homomorphism from G to Q×AutN given by g 7→ (Ng, σg). The
image of this homomorphism is E while the kernel is the centre Z(N) of N .
We shall henceforth assume that Z(N) = 1 so that we have an isomorphism
from G to E.

Under this isomorphism, the normal subgroup N corresponds to the
normal subgroup 1× InnN of E. A complement H to N in G corresponds
to a subgroup H̃ of E such that for each x ∈ Q there exists a unique
automorphism σ of N with (x, σ) ∈ H̃. (For if (x, σ1), (x, σ2) ∈ H̃, then
(1, σ−1

1 σ2) ∈ H̃, so σ−1
1 σ2 ∈ 1χ = InnN . Since H complements N , this

forces σ1 = σ2.) It follows that H determines a homomorphism ζ : Q →
AutN via (x, xζ) ∈ H̃ for each x ∈ Q.

This ζ has a further property which we express in terms of the following
notation.

Definition 2.1 If η : Q → AutL is a homomorphism taking values in the
automorphism group of some group L, write η̄ : Q → OutL for the homo-
morphism obtained by composing η with the natural map AutL→ OutL.

If H is a complement to N then, since H̃ 6 E, the homomorphism
ζ : Q → AutN determined by H̃ must satisfy ζ̄ = χ. Conversely, given a
homomorphism ζ : Q → AutN such that ζ̄ = χ, we determine a comple-
ment { (x, xζ) | x ∈ Q } to 1 × InnN in E and hence a complement to N
in G. Thus, complements to N in G are in one-one correspondence with
homomorphisms ζ : Q → AutN with the property ζ̄ = χ. We refer to this
condition ζ̄ = χ as the compatibility condition for complements.

We now assume that N is a non-abelian minimal normal subgroup of G,
so that N is a direct product of copies of a non-abelian finite simple group X,
say N = XΩ where |Ω| = k. Then

AutN ∼= W (AutX) = (AutX)wrΩ Sym(Ω)

and
OutN ∼= W (OutX) = (OutX)wrΩ Sym(Ω).

Homomorphisms taking values in AutN will give rise to permutation rep-
resentations on Ω. To exploit this we make a further notational definition.
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Definition 2.2 If η : Q → W (L) is a homomorphism taking values in the
wreath product W (L) for some group L, write η∗ : Q → Sym(Ω) for the
homomorphism obtained by composing η with the natural map W (L) →
Sym(Ω).

Upon comparing Definitions 2.1 and 2.2, we note that given η : Q →
W (AutX), then η∗ = (η̄)∗.

The coupling χ : Q → W (OutX) associated to the extension G of N
by Q now determines the permutation representation χ∗ : Q→ Sym(Ω). To
maintain a permanent record we write ρ = χ∗, since this is determined by G
and so fixed throughout our discussion. We now have an action of Q on Ω
and we shall write αx for the image of α (from Ω) under the permutation xρ.

The action of G on N permutes the direct factors of N and so determines
an action of G on the set Ω. It is straightforward to check the associated
permutation representation G → Sym(Ω) equals the composition of the
natural mapG→ Q with ρ. SinceN is a minimal normal subgroup, its direct
factors are permuted transitively and hence ρ is a transitive permutation
representation. Fix ω ∈ Ω, write StabQ(ω) for the stabiliser of ω in Q, and
let T = { tα | α ∈ Ω } be a transversal to StabQ(ω) in Q such that ωtα = α
for all α ∈ Ω. We assume tω = 1. For x ∈ Q, define hα,x in StabQ(ω) by

tαx = hα,xtαx.

Definition 2.3 Let L be any group and let φ : StabQ(ω) → L be a homo-
morphism. Define Φ: Q→W (L) by

xΦ = (hα,xφ)(xρ).

We shall say that this map Φ is induced from φ.

In this definition the α-component of xΦ ∈ W (L) is the image of hα,x
under φ. The terminology ‘induced’ seems appropriate due to similarities to
such constructions as induced representations. (Cannon and Holt term the
similar construction appearing in [4, Definition 2.2] the wreath monomor-
phism.) An identical argument to that used for [7, Lemma 2.1] gives:

Lemma 2.4 The induced map Φ is a homomorphism. �

We shall be mostly considering homomorphisms which are induced with
respect to the fixed transversal T . There is, however, one point where we
need to consider a different choice of transversal. The following, which
is proved by the same method as [7, Lemma 2.2], notes that change of
transversal simply corresponds to conjugation of our image.

Lemma 2.5 For each α ∈ Ω, let kα be an element of StabQ(ω) and t′α =
kαtα. Let Φ′ : Q → W (L) be the homomorphism induced from φ with
respect to the transversal T ′ = { t′α | α ∈ Ω }. Then Φ′ = Φκ where
κ denotes conjugation by the element (kαφ)−1 of LΩ. �
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Now consider any homomorphism η : Q → W (L) with the property
that η∗ coincides with the permutation representation ρ. If we consider
the restriction of η to the stabiliser StabQ(ω), then we note that its image
StabQ(ω)η must normalise the direct factor Lω of the base group and hence

StabQ(ω)η 6 Lω ×
(

LwrΩ\{ω} Sym(Ω \ {ω})
)

.

We may therefore make the following definition.

Definition 2.6 If η : Q → W (L) is a homomorphism satisfying η∗ = ρ,
write θη : StabQ(ω) → L for the homomorphism obtained by composing the
restriction of η to the stabiliser StabQ(ω) with the projection

Lω ×
(

LwrΩ\{ω} Sym(Ω \ {ω}
)

→ L

onto the direct factor of the base group indexed by ω.

Thus, xθη equals the ω-component of xη for each x ∈ StabQ(ω).
In particular, if we apply Definition 2.6 when η is an induced homomor-

phism Φ: Q→W (L), then, as we chose tω = 1, we calculate xθΦ = hω,xφ =
xφ. Hence θΦ = φ and so the recipe of Definition 2.6 simply recovers the
homomorphism φ used to construct Φ.

We could equally well apply Definition 2.6 to the coupling χ : Q →
W (OutX) to yield θχ : StabQ(ω) → OutX. This map will be important
in the context of our compatibility condition ζ̄ = χ, so we record θχ as
ψ : StabQ(ω) → OutX.

Now suppose that ζ : Q→W (AutX) is a homomorphism corresponding
to a complement to N in G. This mean, of course, that ζ̄ = χ. Con-
sequently ζ∗ = (ζ̄)∗ = χ∗ = ρ and we may use Definition 2.6 to con-
struct θ = θζ : StabQ(ω) → AutX. Via Definition 2.3, we then induce

Θ: Q → W (AutX). For each γ ∈ Ω, write tγζ = (u
(γ)
α )(tγρ). If x ∈ Q,

write xζ = (xα)(xρ). Then

hγ,xζ = (tγxt
−1
γx )ζ = (u(γ)

α )(tγρ) · (xα)(xρ) · (t
−1
γx ρ)(u

(γx)
α )−1

=
(

u(γ)
α xαtγ (u

(γx)
αhγ,x

)−1
)

(hγ,xρ),

so
hγ,xθ = u(γ)

ω xωtγ (u
(γx)
ωhγ,x

)−1 = u(γ)
ω xγ(u

(γx)
ω )−1.

Write aα = u
(α)
ω . Our calculation shows

xΘ = (aαxαa
−1
αx)(xρ) = (aα) · (xα)(xρ) · (aα)−1

for all x ∈ Q and we deduce

xζ = (xΘ)a
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where a = (aα) ∈ (AutX)Ω. Thus ζ = Θτa, where τa is the inner auto-
morphism of W (AutX) obtained by conjugating by the element a. Note

aω = u
(ω)
ω = 1, since we chose tω = 1. Let b denote the image of a under the

natural map from (AutX)Ω onto (OutX)Ω. Thus the α-component of b is
the ω-component of tαχ and so is determined by the group G (and our fixed
choice of transversal T ) but is independent of the homomorphism ζ and its
associated complement.

Conversely, suppose φ : StabQ(ω) → AutX is a homomorphism satis-
fying φ̄ = ψ. Then the induced map Φ: Q → W (AutX) satisfies Φ̄ = Ψ,
the latter being the map induced from ψ. The same calculation as above
(applied to χ instead of ζ) shows that χ = Ψτb for the element b ∈ (OutX)Ω

specified above. Choose a ∈ (AutX)Ω whose image in (OutX)Ω equals b
and define ζ = Φτa. Then by construction ζ̄ = Φ̄τb = χ and hence this ζ
corresponds to a complement to N in G.

This gives us the following result.

Theorem 2.7 There exists b ∈ (OutX)Ω such that

(i) every complement to the minimal normal subgroupN inG corresponds
to a homomorphism ζ : Q → W (AutX) of the form ζ = Φτa, where
Φ is induced from a homomorphism φ : StabQ(ω) → AutX satisfying
φ̄ = ψ and where a = (aα) ∈ (AutX)Ω satisfies aω = 1 and its image ā
in (OutX)Ω equals b;

(ii) given a homomorphism φ : StabQ(ω) → AutX satisfying φ̄ = ψ, there
exists a = (aα) ∈ (AutX)Ω with aω = 1 and ā = b such that ζ = Φτa
satisfies ζ̄ = χ and therefore corresponds to a complement to N in G.

�

We shall speak of a complement H to N in G being associated to a
homomorphism φ : StabQ(ω) → AutX. This indicates that H̃ = { (x, xζ) |
x ∈ Q } where ζ = Φτa for some a as described in Theorem 2.7.

Proposition 2.8 Two complements H1 and H2 to N in G, associated to
the homomorphisms φ1 and φ2 respectively, are conjugate in G if and only
if φ1 = φ2σ for some automorphism σ of AutX induced by conjugation by
an element of InnX.

Proof: The subgroup Hi corresponds to H̃i = { (x, xζi) | x ∈ Q }. Here
ζi = Φiτai

, where Φi is induced from φi : StabQ(ω) → AutX and where

ai = (a
(i)
α ) satisfies a

(i)
ω = 1 and āi = b (for the fixed b given by Theorem 2.7).

We first assume that H̃1 and H̃2 are conjugate in E. Since they complement
the subgroup 1 × InnN , we see this conjugation may be achieved by an
element in the latter normal subgroup. Hence ζ1 = ζ2τc for some c = (cα)
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in InnN = (InnX)Ω. Since a
(1)
ω = a

(2)
ω = 1, we calculate that

θζ1 = θΦ1τa1
= θΦ1

= φ1

and that
θζ2τc = c−1

ω θΦ2
cω = c−1

ω φ2cω.

Hence φ1 = φ2σ, where σ denotes conjugation by the element cω from InnX.
Conversely suppose that φ1 = φ2σ where σ denotes conjugation by some

element c0 from InnX. Then, for x ∈ Q,

xΦ1 =
(

(hα,xφ2)
c0

)

(xρ) = c−1 · (hα,xφ2)(xρ) · c = xΦ2τc

where c = (c0)α∈Ω ∈ InnN . Therefore

ζ1 = Φ2τcτa1 = ζ2τa−1

2
ca1
.

It follows that H̃1 = H̃
(1,a−1

2
ca1)

2 . Now we have ā1 = ā2 (that is, a1 ≡ a2

(mod InnN)) and c ∈ InnN . Hence a−1
2 ca1 ∈ InnN and we see that

H̃1 and H̃2 are conjugate in E. Therefore H1 and H2 are conjugate in G. �

Although we require the choice of the element a appearing in Theo-
rem 2.7 to fully specify a complement to N , we may use just the homomor-
phisms φ : StabQ(ω) → AutX to parametrise the conjugacy classes of such
complements. Let us define an equivalence relation ∼ on the set of such
functions by φ1 ∼ φ2 if and only if φ1 = φ2σ for some automorphism σ
induced by conjugation by an element of InnX. We then deduce:

Corollary 2.9 The conjugacy classes of complement to N in G are in one-
one correspondence with equivalence classes under ∼ of homomorphisms
φ : StabQ(ω) → AutX satisfying the compatibility condition φ̄ = ψ. �

3 Conditions for maximality

We maintain the notation of the previous section. In particular, let H be
a complement to the non-abelian minimal normal subgroup N in G and
write H̃ = { (x, xζ) | x ∈ Q }, where the homomorphism ζ : Q→W (AutX)
satisfies ζ̄ = χ. By Theorem 2.7(i), we may write ζ = Φτa, where a ∈
(AutX)Ω and Φ is induced from φ : StabQ(ω) → AutX with φ̄ = ψ.

It is straightforward to see that H is a maximal subgroup of G if and
only if it does not normalise a non-trivial proper subgroup of N . Passing
to E and its subgroup H̃, we note that H̃ normalises a subgroup 1 × M
of 1× InnN if and only if the image of ζ normalises M and, since ζ = Φτa,
this is in turn equivalent to the image of Φ normalising the subgroup Ma−1

of InnN . We record this observation as a lemma.
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Lemma 3.1 The complement H corresponding to ζ = Φτa is maximal in G
if and only if the image of Φ normalises no non-trivial proper subgroup
of InnN . �

In particular, when determining the maximality of the complement cor-
responding to φ : StabQ(ω) → AutX, we need only consider the induced
homomorphism Φ.

Let us first assume that our complement is a maximal subgroup of G;
that is, that the image of Φ in W (AutX) normalises no non-trivial proper
subgroup of InnN .

Lemma 3.2 If the image of Φ normalises no non-trivial proper subgroup
of InnN , then the image of φ in AutX contains InnX.

Proof: First suppose that the image of φ normalises a non-trivial proper
subgroup R of InnX. It follows that the image of the stabiliser StabQ(ω)
under Φ normalises the subgroup

Rω = { (xα) ∈ (AutX)Ω | xω ∈ R, xα = 1 for α 6= ω }

of InnN . The distinct conjugates of Rω under the action of QΦ lie in distinct
factors of InnN . Therefore the subgroup S generated by these conjugates
is a direct product

S =
∏

α∈Ω

Rα

of copies Rα of R. This subgroup S is then a non-trivial proper subgroup
of InnN which is normalised by the image of Φ, contrary to assumption.
Hence the image of φ normalises no non-trivial proper subgroup of InnX.

Now consider L = StabQ(ω)φ ∩ InnX. If L 6= 1, then L is a normal
subgroup of StabQ(ω)φ and taking R = L in the previous paragraph shows
that L = InnX; that is, the image of φ contains InnX and the lemma would
be proved.

The only remaining possibility is that L = 1. An argument of Wilson
(see the proof of [10, Lemma 2.1]), which depends on the Classification of
Finite Simple Groups, then shows that the centraliser in InnX of a minimal
normal subgroup M of StabQ(ω)φ is non-trivial. This centraliser certainly
is a proper subgroup of InnX and it is normalised by StabQ(ω)φ, so we
could take R = CInnX(M) in the first paragraph. Thus, it is not possible
that L = 1 and the proof of the lemma is complete. �

Lemma 3.3 Suppose that the image of Φ normalises no non-trivial proper
subgroup of InnN and that φ is equal to the restriction of some homomor-
phism φ̂ : H → AutX, where H is a subgroup of Q containing StabQ(ω),
then H = StabQ(ω).
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Proof: The subgroupH yields a (possibly trivial or improper) block system

Ω = Ω1 ∪ Ω2 ∪ · · · ∪ Ωs

for the action of Q on Ω. Assume that ω ∈ Ω1, so that Ω1 = ωH, the orbit
of H containing ω. Since StabQ(ω) also equals the stabiliser of ω in H, there
exists a transversal U = {uα | α ∈ Ω1 } to StabQ(ω) in H such that ωuα = α
for each α ∈ Ω1 and we may assume that uω = 1. Let V = {v1, v2, . . . , vs}
be a transversal to H in Q such that Ω1vi = Ωi for i = 1, 2, . . . , s and
assume that v1 = 1. Then T ′ = {uαvi | α ∈ Ω1, 1 6 i 6 s } is a transversal
to StabQ(ω) in Q. Write t′α for the element of T ′ satisfying ωt′α = α. Then
t′α = uα for all α ∈ Ω1 since v1 = 1. Let Φ′ : Q → W (AutX) be the
homomorphism induced from φ with respect to T ′. Lemma 2.5 tells us that
Φ and Φ′ differ by conjugation by some element of (AutX)Ω.

For each α ∈ Ω1, let ψα = uαφ̂ ∈ AutX and define

D = { (xψ
−1
α )α∈Ω1

| x ∈ InnX },

a diagonal subgroup of (InnX)Ω1 . (Here xψ
−1
α denotes the conjugate ψαxψ

−1
α

of x by ψ−1
α .) We shall view D as being embedded in (InnX)Ω in the obvious

way. Let y ∈ H. Then if α ∈ Ω1, we have

h′α,y = t′αy(t
′
αy)

−1 = uαyu
−1
αy

and so
h′α,yφ = h′α,yφ̂ = ψα(yφ̂)ψ−1

αy .

Therefore, upon conjugating an element of D by yΦ′, we find

[

(xψ
−1
α )α∈Ω1

]yΦ′

=
[

(xψ
−1
α )α∈Ω1

](h′α,yφ)α∈Ω(yρ)

=

[

(

(xψ
−1
α )h

′
α,yφ

)

α∈Ω1

]yρ

=
[

(zψ
−1
αy )α∈Ω1

]yρ

= (zψ
−1
α )α∈Ω1

,

where z = xyφ̂ ∈ InnX. In particular, D is normalised by HΦ′. Conjugating
by the appropriate element of (AutX)Ω, we deduce that HΦ normalises
some diagonal subgroup E of (InnX)Ω1 .

Note that {v1Φ, v2Φ, . . . , vsΦ} is a transversal to HΦ in QΦ and that
EviΦ 6 (InnX)Ωi for each i. Hence the conjugates EviΦ generate a direct
product

F = Ev1Φ × Ev2Φ × · · · × EvsΦ

and this is normalised by QΦ. Our assumption that the image of Φ nor-
malises no non-trivial proper subgroup of InnN then forces |Ω1| = 1. There-
fore H = StabQ(ω), as required. �
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The previous two lemmas tell us that if a complement is maximal then
we have two conditions on the associated homomorphism φ : StabQ(ω) →
AutX. Conversely consider a complement to N in G associated to φ and
assume that the conditions established above hold; that is,

(a) the image of φ in AutX contains InnX, and

(b) φ is not the restriction of some homomorphism φ̂ : J → AutX where
StabQ(ω) < J 6 Q.

We seek to show that our complement is maximal in G and, in view of
Lemma 3.1, this is equivalent to establishing that the image of Φ does not
normalise any non-trivial proper subgroup of InnN .

Let L be a subgroup of InnN which is normalised by the image of Φ.
Let Lα be the subgroup of InnX which is the image of L under the pro-
jection of InnN onto its direct factor indexed by α. Since the permutation
representation ρ used to construct the induced map is transitive and since
QΦ normalises L, it follows that the subgroups Lα are conjugate in AutX.
We therefore have three possibilities:

(i) Lα = InnX for all α ∈ Ω,

(ii) 1 < Lα < InnX for all α ∈ Ω, or

(iii) Lα = 1 for all α ∈ Ω.

Of course, the third case implies L = 1, which is perfectly acceptable
for a subgroup of InnN normalised by QΦ. We shall show that our two
assumptions (a) and (b) will force L = InnN in Case (i) and will yield a
contradiction in Case (ii).

We first deal with Case (ii). Note that L is also normalised by the image
of StabQ(ω) under Φ and hence Lω is normalised by the image of StabQ(ω)Φ
under the projection onto the direct factor of the base group of AutN in-
dexed by ω. However, the image of StabQ(ω)Φ under this projection is
merely the image of φ and thus Lω is normalised by the image of φ. Our
first assumption (a) then shows that Lω is a normal subgroup of InnX and
since X(∼= InnX) is simple we obtain the required contradiction.

We then turn to Case (i) where Lα = InnX for all α ∈ Ω. This says
that L is a subdirect product in InnN . Since InnX is isomorphic to the
non-abelian simple group X, this subdirect product is a direct product of
diagonal subgroups, say

L = D1 ×D2 × · · · ×Ds

where Ω = Ω1 ∪ Ω2 ∪ · · · ∪ Ωs is a partition of Ω and each Di is a diagonal
subgroup of the direct product (InnX)Ωi . TheseDi are then minimal normal
subgroups of L, so conjugation by elements of QΦ permutes them. Since the
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action of Q on Ω is determined by ρ = Φ∗, we see that {Ω1,Ω2, . . . ,Ωs} is
a block system for Q on Ω. Assume that ω ∈ Ω1 and let J be the subgroup
of Q which stabilises the block Ω1. Then StabQ(ω) 6 J and Ω1 = ωJ , the
orbit of ω under the action of J .

Now JΦ normalises the subgroup (InnX)Ω1 of InnN and hence nor-
malises L ∩ (InnX)Ω1 = D1. We may write

D1 = { (σxφα
)α∈Ω1

| x ∈ X }

where each φα is an automorphism of X and σg denotes the inner automor-
phism of X obtained by conjugating by g. Without loss of generality we
shall assume that φω is the identity map. Then

(σxφα
)α∈Ω1

7→ x

is an isomorphism. The action of JΦ on D1 then induces an action of J on X
via this isomorphism and hence produces a homomorphism φ̂ : J → AutX.

Consider the restriction of φ̂ to StabQ(ω). If y ∈ StabQ(ω), then the
ω-component of

[(σxφα
)α∈Ω1

]yΦ

is
σ
hω,yφ
x = σyφx = σx(yφ).

Hence yφ̂ is the map x 7→ x(yφ); that is, yφ̂ = yφ. We may now use
assumption (b) to deduce that J = StabQ(ω) and hence |Ωi| = 1 for all i.
Therefore L = (InnX)Ω = N in Case (i).

We now conclude that under our assumptions there is no non-trivial
proper subgroup of InnN normalised by QΦ and this tells us that our com-
plement to N is a maximal subgroup of G. This completes the proof of the
following theorem.

Theorem 3.4 Let G be a finite group with minimal normal subgroup N
which is a direct product of copies of a non-abelian finite simple group X
indexed by the set Ω. Let Q = G/N and let Q act on Ω via the cou-
pling χ : Q → W (AutX). A complement to N in G associated to the
homomorphism φ : StabQ(ω) → AutX (necessarily satisfying the condition
φ̄ = ψ = θχ) is maximal in G if and only if

(a) the image of φ in AutX contains InnX, and

(b) φ is not the restriction of some homomorphism φ̂ : J → AutX where
StabQ(ω) < J 6 Q. �

Passing to conjugacy classes of complements as described in Corollary 2.9
gives us the following parametrisation, which we express in terms of the
notation developed earlier.
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Corollary 3.5 The conjugacy classes of complements to N in G which are
maximal subgroups of G are in one-one correspondence with equivalence
classes of homomorphisms φ : StabQ(ω) → AutX such that

(i) φ̄ = ψ;

(ii) the image of φ contains InnX;

(iii) φ is not the restriction of some homomorphism φ̂ : J → AutX where
StabQ(ω) < J 6 Q;

under the equivalence relation ∼, where φ1 ∼ φ2 if and only if φ1 = φ2σ
for some automorphism σ of AutX induced by conjugation by an element
of InnX. �
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